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SPECTRUM OF TWISTS OF CAYLEY AND CAYLEY SUM GRAPHS
ARINDAM BISWAS AND JYOTI PRAKASH SAHA
Abstract. Let G be a finite group with |G| ≥ 4 and S be a subset of G. Given an
automorphism σ of G, the twisted Cayley graph C(G,S)σ (resp. the twisted Cayley sum
graph CΣ(G,S)
σ) is defined as the graph having G as its set of vertices and the adjacent
vertices of a vertex g ∈ G are of the form σ(gs) (resp. σ(g−1s)) for some s ∈ S. If the twisted
Cayley graph C(G,S)σ is undirected and connected, then we prove that the nontrivial
spectrum of its normalised adjacency operator is bounded away from −1 and this bound
depends only on its degree, the order of σ and the vertex Cheeger constant of C(G,S)σ.
Moreover, if the twisted Cayley sum graph CΣ(G,S)
σ is undirected and connected, then
we prove that the nontrivial spectrum of its normalised adjacency operator is bounded
away from −1 and this bound depends only on its degree and the vertex Cheeger constant
of CΣ(G,S)
σ. We also study these twisted graphs with respect to anti-automorphisms,
and obtain similar results. Further, we prove an analogous result for the Schreier graphs
satisfying certain conditions.
1. Introduction
1.1. Motivation. The study of the spectrum of graphs is an important theme in the theory
of expanders. It was remarked by Breuillard–Green–Guralnick–Tao that the eigenvalues of
the normalised Laplacian operator of non-bipartite, finite Cayley graphs are bounded away
from 2 (see [BGGT15, Appendix E]). Recently, the first author established an explicit upper
bound.
Given a subset S of a finite group G with |S| = d ≥ 1, the associated Cayley graph C(G, S)
has G as its set of vertices and for x, y ∈ G, there is an edge from x to y if y = xs for some
s ∈ S. This graph is undirected if and only if S is symmetric. In [Bis19, Theorem 1.4] (cf.
[BS19, Theorem 2.11]), it is established that if the Cayley graph C(G, S) is undirected and
connected, then the nontrivial spectrum of its adjacency operator lies in the interval(
−1 + h
4
29d8
, 1− h
2
2d2
]
where h denotes the vertex Cheeger constant of C(G, S).
It turns out that a similar result holds for the Cayley sum graphs, which are classical
combinatorial objects, e.g., see [GGL95]. The Cayley sum graph CΣ(G, S) has G as its set
of vertices, and for x, y ∈ S, there is an edge from x to y if y = x−1s for some s ∈ S. This
graph is undirected if and only if S is closed under conjugation (see [BS19, Lemma 2.6]). In
[BS19, Theorem 1.3], it is established that if the Cayley sum graph CΣ(G, S) is undirected
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and connected, then the nontrivial spectrum of its adjacency operator lies in the interval(
−1 + h
4
Σ
29d8
, 1− h
2
Σ
2d2
]
where hΣ denotes the vertex Cheeger constant of CΣ(G, S).
1.2. Results obtained. Given a group automorphism σ of G, one can consider variants of
the Cayley graph and the Cayley sum graph, viz., the twisted Cayley graph C(G, S)σ and
the twisted Cayley sum graph CΣ(G, S)
σ. The twisted Cayley graph C(G, S)σ has G as its
set of vertices, and for x, y ∈ G, there is an edge from x to y if y = σ(xs) for some s ∈ S.
The twisted Cayley sum graph CΣ(G, S)
σ has G as its set of vertices, and for x, y ∈ G, there
is an edge from x to y if y = σ(x−1s) for some s ∈ S.
Note that the twisted Cayley graphs, and the twisted Cayley sum graphs provide examples
of graphs which are neither Cayley graphs, nor Cayley sum graphs (if we focus on the twists
by automorphisms of order two only). In fact, there are twisted Cayley graphs which are
isomorphic to no Cayley graphs, no Cayley sum graphs, no twisted Cayley sum graphs, and
there are twisted Cayley sum graphs which are isomorphic to no Cayley graphs, no Cayley
sum graphs, no twisted Cayley graphs, as the following examples illustrate.
Let p be an odd prime. Let D2p denote the dihedral group of order 2p. Let s denote an
element of D2p of order two. Let σ be the involution of D2p which fixes s and sends any
element of order p to its inverse. Then the twisted Cayley graph C(D2p, {s})σ is isomorphic
to no Cayley graph, no Cayley sum graph, no twisted Cayley sum graph on any group of
order 2p.
Let τ denote the involution of Z/2pZ of order two. Then, for any symmetric subset S
of Z/2pZ containing the identity element and having size ≤ p − 1, the twisted Cayley sum
graph CΣ(Z/2pZ, S)
τ is isomorphic to no Cayley graph, no Cayley sum graph, no twisted
Cayley graph on any group of order 2p.
In this article, one of our aim is to show that the spectrum of the twisted Cayley graph
C(G, S)σ and twisted Cayley sum graph CΣ(G, S)
σ are bounded away from −1.
Theorem 1.1. Let S be a subset of a finite group G with |S| = d. Suppose σ is an auto-
morphism of G.
(1) Suppose σ2 is the trivial automorphism of G. If the twisted Cayley graph C(G, S)σ is
connected and undirected and |G| ≥ 4, then the nontrivial spectrum of its normalised
adjacency operator lies in the interval(
−1 + h
4
σ
212d8
, 1− h
2
σ
2d2
]
where hσ denotes the vertex Cheeger constant of C(G, S)
σ.
(2) Suppose σ2k is the trivial automorphism of G, where k ≥ 1 is an odd integer. If
the twisted Cayley graph C(G, S)σ is connected and undirected and |G| ≥ 4, then the
nontrivial spectrum of its normalised adjacency operator lies in the interval


−1 + 1
212d8k
(
1
2
(
1−
(
1− h
2
σ
2d2
)k))4
1/k
, 1− h
2
σ
2d2


where hσ denotes the vertex Cheeger constant of C(G, S)
σ.
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(3) If the twisted Cayley sum graph CΣ(G, S)
σ is connected and undirected and |G| ≥ 4,
then the nontrivial spectrum of its normalised adjacency operator lies in the interval(
−1 + h
4
Σ,σ
212d8
, 1− h
2
Σ,σ
2d2
]
where hΣ,σ denotes the vertex Cheeger constant of CΣ(G, S)
σ.
More generally, we study the spectrum of undirected, connected, non-bipartite graphs
carrying a suitable action of a group and establish Theorem 3.3. Using Theorem 3.3, we
prove Theorem 1.1. The proof of Theorem 3.3 is motivated by the strategy used in [BGGT15,
Appendix E].
In Section 5, we consider twisted Cayley graphs and twisted Cayley sum graphs with
respect to an anti-automorphism of the underlying group. We establish that if these graphs
are undirected and connected, then the nontrivial spectrum of their normalised adjacency
operators are bounded away from −1 (see Theorem 5.1).
We consider Schreier graphs in Section 6. We prove under certain hypothesis that the
nontrivial eigenvalues of the normalised adjacency operator of a given Schreier graph is
bounded away form −1 (see Theorem 6.1).
1.3. Acknowledgements. We wish to thank Emmanuel Breuillard for a number of helpful
discussions during the opening colloquium of the Mu¨nster Mathematics Cluster, and the
MFO for their hospitality, where a part of this work was initiated. The first author is
supported by the ISF Grant no. 662/15 at the Technion. The second author would like
to acknowledge the Initiation Grant from the Indian Institute of Science Education and
Research Bhopal and the INSPIRE Faculty Award from the Department of Science and
Technology, Government of India.
2. Preliminaries
In the following, all the graphs considered are undirected. However, these graphs may
contain multiple edges and even multiple loops at certain vertices. Given a finite d-regular
multi-graph G = (V,E) having V as its set of vertices and E as its multiset of edges, we have
the normalised adjacency operator T of size |V | × |V |. The normalised Laplacian operator
of G is defined by
L := I|V | − T,
where I|V | denotes the identity matrix of size |V |×|V |. Let n denote the number of elements
of V . Denote the eigenvalues of T and the eigenvalues of L by {ti : i = 1, · · · , n} and
{λi : i = 1, · · · , n} respectively such that λi = 1− ti and
0 = λ1 6 λ2 6 · · · 6 λn−1 6 λn 6 2.
Let G = (V,E) be a multi-graph. For a subset V1 ⊆ V , its neighbourhood in G is denoted
by N(V1) and is defined as
N(V1) := {v ∈ V : (v, v1) ∈ E for some v1 ∈ V1}.
The boundary of V1 is defined as ∂(V1) := N(V1)\V1.
3
Definition 2.1 (Vertex Cheeger constant). The vertex Cheeger constant h(G) of a multi-
graph G = (V,E) is defined as
h(G) := inf
{ |∂(V1)|
|V1| : ∅ 6= V1 ⊆ V, |V1| 6
|V |
2
}
.
We recall the notion of expander graphs as stated in [Alo86].
Definition 2.2 ((n, d, ε)-expander). Let ε > 0. An (n, d, ε)-expander is a graph (V,E) on n
vertices, having maximal degree d, such that for every set ∅ 6= V1 ⊆ V satisfying |V1| 6 |V |2 ,
the inequality |∂(V1)| > ε|V1| holds (equivalently, h((V,E)) > ε).
The degree of a vertex of a multi-graph is the number of half-edges adjacent to it (in
the absence of loops). The presence of a loop at a vertex increases its degree by one. A
multi-graph is called r-regular if each vertex has degree r. Apart from the notion of vertex
expansion as in Definition 2.2, there is the notion of edge expansion.
Definition 2.3 (Edge expansion). Let G = (V,E) be a d-regular multi-graph with vertex set
V and edge multiset E. For any nonempty subset V1 of V , the edge boundary E(V1, V \V1)
of V1 is defined as the multiset
E(V1, V \V1) := {(v1, v2) ∈ E : v1 ∈ V, v2 ∈ V \V1},
and the edge expansion ratio φ(V1) of V1 is defined as
φ(V1) :=
|E(V1, V \V1)|
d|V1| .
Definition 2.4 (Edge Cheeger constant). The edge Cheeger constant h(G) of a multi-graph
G = (V,E) is defined by
h(G) := inf
∅6=V1⊆V,|V1|6|V |/2
φ(V1).
The two Cheeger constants are related by the following lemma.
Lemma 2.5. For d-regular multi-graph G = (V,E), the inequalities
h(G)
d
6 h(G) 6 h(G)
hold.
Proof. For ∅ 6= V1 ⊆ V , consider the map
ψ : E(V1, V \V1)→ ∂(V1) given by (v1, v2) 7→ v2.
This map is surjective, and hence the first inequality follows. For the second inequality, note
that the fibre of any point of ∂(V1) under the map ψ contains at most d elements. 
The following Proposition relates the edge Cheeger constant of a multi-graph with the
second smallest eigenvalue of its Laplacian operator. It is the version for graphs of the corre-
sponding inequalities for the Laplace–Beltrami operator on compact Riemannian manifolds.
It was first established by Cheeger [Che70] (the lower bound) and by Buser [Bus82] (the
upper bound). The discrete version was proved by Alon and Millman [AM85] (Proposition
2.6).
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Proposition 2.6 (Discrete Cheeger–Buser inequality). Let G = (V,E) be a finite d-regular
multi-graph. Let h(G) denote its edge Cheeger constant and λ2 denote the second smallest
eigenvalue of its normalised Laplacian operator. Then
h(G)2
2
6 λ2 6 2h(G).
Proof. See [Lub94, Propositions 4.2.4, 4.2.5] or [Chu96]. 
3. Generalities
Let (V,E) be a finite graph (which may contain multiple edges, and even multiple loops
at certain vertices) of degree d. The neighbourhood of a subset V ′ of V in (V,E) is denoted
by N (V ′). Assume that there exist an integer d ≥ 1 and permutations θ1, · · · , θd : V → V
such that the vertices v, θi(v) are adjacent in (V,E) for any v ∈ V and 1 ≤ i ≤ d, and N (v)
is equal to ∪di=1{θi(v)} for any v ∈ V . For a subset V ′ of V , denote the subset θi(V ′) of
N (V ′) by N i(V ′).
Proposition 3.1. Assume that the graph (V,E) is undirected. Suppose |V | ≥ 4, the graph
(V,E) is an ε-vertex expander for some ε > 0 and its normalised adjacency operator has an
eigenvalue in the interval (−1,−1 + ζ ] for some ζ satisfying 0 < ζ ≤ ε2
4d4
. Then for some
subset A of V , the inequalities(
1
2 + β + dβ
ε
)
|V | ≤ |A| ≤ 1
2
|V |
hold with β = d2
√
2ζ(2− ζ). Let τ be an automorphism of the set V such that
N (N (τ(A))) ⊆ τ(N (N (A))).
If
β <
ε2
2d(2d+ 1)
,
then exactly one of the inequalities
|A ∩ τ(A)| ≤ dβ
ε2
(ε+ d+ 2)|A|, |A ∩ τ(A)| ≥
(
1− dβ
ε2
(ε+ d+ 2)
)
|A|
holds.
Proof. Since the graph (V,E) is an ε-vertex expander with ε > 0, it follows that for some
vertex v ∈ V and for some 1 ≤ i ≤ d, θi(v) 6= v. Using |V | ≥ 4, one obtains
ε|{v, θi(v)}| ≤ |(N (v) ∪ N (θi(v))) \ {v, θi(v)}|
≤ |N (v) \ {θi(v)}|+ |N (θi(v)) \ {v}|
≤ 2(d− 1),
which implies
(3.1) ε ≤ d− 1.
and hence ζ < 1. Let T denote the normalised adjacency operator of the graph (V,E). Since
T has an eigenvalue in (−1,−1 + ζ ] and ζ < 1, it follows that T 2 has an eigenvalue ν in
[(1− ζ)2, 1).
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Consider the undirected multi-graph M (which may contain multiple edges, and multiple
loops) with V as its set of vertices and its edges are obtained by drawing an edge from
v to each element of N (N ({v})) (considered as a multiset). In other words, M is the
undirected multi-graph having V as its set of vertices and T 2 as its normalised adjacency
operator. Thus the second largest eigenvalue of the normalised adjacency operator of M
is ≥ ν ≥ (1 − ζ)2 = 1 − ζ(2 − ζ). Hence the second smallest eigenvalue of the normalised
Laplacian operator ofM is≤ ζ(2−ζ). By the discrete Cheeger–Buser inequality (Proposition
2.6), it follows that the edge Cheeger constant of M satisfies
1
2
h(M)2 ≤ ζ(2− ζ),
which yields
h(M) ≤
√
2ζ(2− ζ).
Since (V,E) has degree d, from Lemma 2.5, it follows that the vertex Cheeger constant of
M satisfies
h(M) ≤ d2h(M) ≤ d2
√
2ζ(2− ζ).
This implies that for some nonempty subset A of V with |A| ≤ 1
2
|V |,
|N (N (A)) \ A| ≤ |A|d2
√
2ζ(2− ζ) = |A|β
holds. Note that |A ∪ N (A)| ≥ |V |
2
. Otherwise, we obtain
ε|A| ≤ ε|A ∪ N (A)|
≤ |N (A ∪N (A)) \ (A ∪N (A))|
≤ |N (N (A)) \ A|
≤ |A|d2
√
2ζ(2− ζ)
= |A|β.
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This implies ε ≤ d2√2ζ(2− ζ) < d2√4ζ, which contradicts the assumption that ζ ≤ ε2
4d4
. It
follows that
ε|V \ (A ∪N (A))| ≤ ε|(A ∪N (A))c|
≤ |N ((A ∪N (A))c) \ (A ∪ N (A))c|
≤ |(A ∪ N (A)) ∩ N ((A ∪ N (A))c)|
≤
d∑
i=1
|(A ∪N (A)) ∩ θi((A ∪ N (A))c)|
≤
d∑
i=1
|N (A ∪ N (A)) ∩ (A ∪N (A))c|
≤ d|N (A ∪ N (A)) ∩ (A ∪ N (A))c|
≤ d|N (A ∪ N (A)) \ (A ∪ N (A))|
≤ d|N (N (A)) \A|
≤ d|A|d2
√
2ζ(2− ζ)
= d|A|β,
which implies
|V | ≤ dβ
ε
|A|+ |A ∪ N (A)|
≤ dβ
ε
|A|+ |A|+ |N (A)|
≤ dβ
ε
|A|+ |A|+ |N (N (A))|
≤ dβ
ε
|A|+ 2|A|+ |N (N (A)) \ A|
≤ dβ
ε
|A|+ 2|A|+ β|A|,
and hence
|V |
2 + β + dβ
ε
≤ |A| ≤ |V |
2
.
Note that the inequalities
2dβ
ε2
(ε+ d+ 2) ≤ 2dβ
ε2
(d− 1 + d+ 2) = 2dβ
ε2
(2d+ 1) < 1
imply that
dβ
ε2
(ε+ d+ 2) < 1− dβ
ε2
(ε+ d+ 2).
Hence it suffices to show that one of the inequalities
|A ∩ (τ(A))| ≤ dβ
ε2
(ε+ d+ 2)|A|, |A ∩ (τ(A))| ≥
(
1− dβ
ε2
(ε+ d+ 2)
)
|A|
holds.
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Let B = A∆(τ(A))c. Let id denote the identity map from V to V . Note that
|N i(B)∆B| ≤ |N i(A)∆N i((τ(A))c)∆A∆(τ(A))c|
≤ |N i(A)∆N i((τ(A))c)∆Ac∆τ(A)|
≤ |N i(A)∆Ac∆N i((τ(A))c)∆τ(A)|
≤ |N i(A)∆Ac|+ |N i((τ(A))c)∆τ(A)|
= |N i(A)∆Ac|+ |N i(τ(A))∆τ(Ac)|
=
∑
φ∈{id,τ}
|N i(φ(A))∆φ(Ac)|
=
∑
φ∈{id,τ}
(|N i(φ(A))|+ |φ(Ac)| − 2|N i(φ(A)) ∩ φ(Ac)|)
=
∑
φ∈{id,τ}
(|V | − 2|N i(φ(A)) ∩ φ(Ac)|)
=
∑
φ∈{id,τ}
(|V | − 2|N i(φ(A))|+ 2|N i(φ(A))| − 2|N i(φ(A)) ∩ φ(Ac)|)
=
∑
φ∈{id,τ}
(|V | − 2|A|+ 2|N i(φ(A)) ∩ φ(A)|)
= 2(|V | − 2|A|) + 2
∑
φ∈{id,τ}
|N i(φ(A)) ∩ φ(A)|
≤ 2(|V | − 2|A|) + 2
ε
∑
φ∈{id,τ}
ε|N (φ(A)) ∩ φ(A)|
≤ 2(|V | − 2|A|) + 2
ε
∑
φ∈{id,τ}
|N (N (φ(A)) ∩ φ(A)) \ (N (φ(A)) ∩ φ(A))|
≤ 2(|V | − 2|A|) + 2
ε
∑
φ∈{id,τ}
|N (N (φ(A)) \ φ(A)|
≤ 2(|V | − 2|A|) + 2
ε
∑
φ∈{id,τ}
|φ(N (N (A))) \ φ(A)|
= 2(|V | − 2|A|) + 2
ε
∑
φ∈{id,τ}
|N (N (A)) \ A|
≤ 2
(
β +
dβ
ε
)
|A|+ 2
ε
2|A|β
=
2β
ε
(ε+ d+ 2)|A|.
It follows that
|N (B)∆B| ≤ 2dβ
ε
(ε+ d+ 2)|A|.
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Note that
|N i(Bc)∆Bc| ≤ |N i(A)∆N i(τ(A))∆A∆τ(A)|
≤ |N i(A)∆N i(τ(A))∆Ac∆(τ(A))c|
≤ |N i(A)∆Ac∆N i(τ(A))∆(τ(A))c|
≤ |N i(A)∆Ac|+ |N i(τ(A))∆(τ(A))c|)
≤ |N i(A)∆Ac|+ |N i((τ(A)c))∆τ(A)|)
≤ 2β
ε
(ε+ d+ 2)|A|.
It follows that
|N (Bc)∆Bc| ≤ 2dβ
ε
(ε+ d+ 2)|A|.
We consider the following cases, viz., |B| ≤ |V |
2
, |B| > |V |
2
. When |B| ≤ |V |
2
holds, we
obtain
ε|B| ≤ |N (B) \B| ≤ |N (B)∆B| ≤ 2dβ
ε
(ε+ d+ 2)|A|,
which yields
|B| ≤ 2dβ
ε2
(ε+ d+ 2)|A|.
Since
|V | − |B| = |Bc|
= |A∆(τ(A))|
= |A| − |A ∩ (τ(A))|+ |τ(A)| − |A ∩ (τ(A))|
= 2|A| − 2|A ∩ (τ(A))|
holds, we obtain
2|A ∩ (τ(A))| ≤ |V | − 2|A|+ 2|A ∩ (τ(A))| = |B| ≤ 2dβ
ε2
(ε+ d+ 2)|A|.
While |B| > |V |
2
holds, we obtain
ε|Bc| ≤ |N (Bc) \Bc| ≤ |N (Bc)∆Bc| ≤ 2dβ
ε
(ε+ d+ 2)|A|,
which yields
|Bc| ≤ 2dβ
ε2
(ε+ d+ 2)|A|.
Since
|Bc| = |A∆(τ(A))| = |A| − |A ∩ (τ(A))|+ |(τ(A))| − |A ∩ (τ(A))| = 2|A| − 2|A ∩ (τ(A))|
holds, we obtain
|A ∩ (τ(A))| ≥ |A| − dβ
ε2
(ε+ d+ 2)|A| =
(
1− dβ
ε2
(ε+ d+ 2)
)
|A|.
This completes the proof. 
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Theorem 3.2. Suppose V carries a left action of a group G such that the following conditions
hold.
(1) No index two subgroup of G acts transitively on V .
(2) The action of G on the set V is “transitive of order t” in the sense that for each
(u, v) ∈ V × V , the equation gu = v has exactly t distinct solutions for g ∈ G. In
other words, the action of G on V is transitive and the stabilizer of each element of
V have the same size (equal to t).
(3) For each θi, 1 ≤ i ≤ d and v ∈ V , there is an automorphism or an anti-automorphism
ψi,v of the group G such that one of
θi(g · v) = ψi,v(g) · θi(v)
and
θi(g · v) = ψi,v(g−1) · θi(v)
holds for any g ∈ G.
(4) For any τ ∈ G, N (N (τ(A))) ⊆ τ(N (N (A))) holds.
Assume that the graph (V,E) is undirected and non-bipartite. Assume further that |V | ≥ 4,
the graph (V,E) is an ε-vertex expander for some ε > 0. Then the nontrivial eigenvalues of
the normalised adjacency operator of this graph are greater than −1 + ℓε,d with
ℓε,d =
ε4
212d8
.
Proof. On the contrary, let us assume that a nontrivial eigenvalue of the normalised adjacency
operator of the graph (V,E) lies in the interval [−1,−1 + ℓε,d]. Since (V,E) is non-bipartite,
it follows that −1 is not an eigenvalue of its normalised adjacency operator. Hence an
eigenvalue of the normalised adjacency operator of the graph (V,E) lies in the interval
(−1,−1 + ℓε,d]. Set
γ = d2
√
2ℓε,d(2− ℓε,d),
r = 1− dγ
ε2
(ε+ d+ 2).
Since ℓε,d =
ε4
212d8
, we have
γ = d2
√
2ℓε,d(2− ℓε,d) < d2
√
4ℓε,d 6
ε2
25d2
.
1− r = dγ
ε2
(ε+ d+ 2) ≤ dγ
ε2
(2d+ 1) <
3
23
√
2
<
1
3
.
Consequently,
(3.2) ℓε,d ≤ ε
2
4d4
, γ <
ε2
2d(2d+ 1)
and r >
2
3
.
Define the subset H of G by
H := {τ ∈ G : |A ∩ (τ(A))| ≥ r|A|}.
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Note that H contains the identity element of G. By the triangle inequality,
|A \ (τ1(τ2(A)))| ≤ |A \ (τ1(A))|+ |(τ1(A)) \ (τ1(τ2(A)))|
= |A \ (τ1(A))|+ |A \ (τ2(A))|
= |A| − |A ∩ (τ1(A))|+ |A| − |A ∩ (τ2(A))|
≤ 2|A| − 2r|A|.
Consequently,
|A ∩ (τ1(τ2(A)))| = |A| − |A \ (τ1(τ2(A)))|
≥ |A| − 2|A|+ 2r|A|
= (2r − 1)|A|.
If |A ∩ (τ1(τ2(A)))| ≤ (1− r)|A|, then we obtain
(1− r)|A| ≥ |A ∩ (τ1(τ2(A)))| ≥ (2r − 1)|A|,
which implies r ≤ 2
3
. Since r > 2
3
, it follows that the inequality |A∩ (τ1(τ2(A)))| ≤ (1− r)|A|
does not hold. Hence, by Proposition 3.1(1), H contains τ1τ2. So H is a subgroup of G.
For any g ∈ G, the map
A ∩ g−1A→ A× A, x 7→ (x, gx)
is well-defined, and induces a map
ϕ :
∐
g∈G
A ∩ g−1A→ A×A.
Each of its fibre contains exactly t elements and hence
|A|2 = im(ϕ) =
∑
x∈im(ϕ)
|ϕ−1(x)|
|ϕ−1(x)| =
1
t
∑
x∈im(ϕ)
|ϕ−1(x)| = 1
t
∑
g∈G
|A ∩ g−1A|.
If G = H , we obtain
|A| · |V |
2
≥ |A|2 = 1
t
∑
g∈G
|A ∩ g−1A| ≥ 1
t
|G| · r|A|,
which gives
|G| ≤ t
2r
|V |.
This contradicts that |G| ≥ t|V |. Hence H is a proper subgroup of G.
The following estimate
t|A|2 =
∑
g∈G
|A ∩ g−1A| ≤ |H||A|+ dγ
ε2
(ε+ d+ 2)|A||G \H|
implies
t|A| ≤ |H|+ dγ
ε2
(ε+ d+ 2)(|G| − |H|).
Using Proposition 3.1(1), we obtain(
1
2 + γ + dγ
ε
)
|G| =
(
t
2 + γ + dγ
ε
)
|V | ≤ dγ
ε2
(ε+ d+ 2)|G|+
(
1− dγ
ε2
(ε+ d+ 2)
)
|H|.
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We claim that H is a subgroup of G of index two. To prove this claim, it suffices to show
that
(3.3)
1
3
(
1− dγ
ε2
(ε+ d+ 2)
)
<
(
1
2 + γ + dγ
ε
)
− dγ
ε2
(ε+ d+ 2),
i.e., (
2 + γ +
dγ
ε
)(
1 +
2dγ
ε2
(ε+ d+ 2)
)
< 3,
which is equivalent to
(3.4)
(
γ +
dγ
ε
)
+
2dγ
ε2
(ε+ d+ 2)
(
2 + γ +
dγ
ε
)
< 1.
Assume that ζ ≤ ε4
29d8
. Since
γ ≤ ε
2
23
√
2d2
and d ≥ 2 (by Equation (3.1)), we obtain
γ +
dγ
ε
+
2dγ
ε2
(ε+ d+ 2)
(
2 + γ +
dγ
ε
)
=
γ
ε
(ε+ d) +
2dγ
ε2
(ε+ d+ 2)
(
2 +
γ
ε
(ε+ d)
)
=
γ
ε
(
ε+ d+
4d(ε+ d+ 2)
ε
)
+
2dγ2
ε3
(ε+ d)(ε+ d+ 2)
=
γ
ε2
(ε(ε+ d) + 4d(ε+ d+ 2)) +
2dεγ2
ε4
(ε+ d)(ε+ d+ 2)
≤ γ
ε2
((d− 1)(2d− 1) + 4d(2d+ 1)) + 2dγ
2
ε4
(d− 1)(2d− 1)(2d+ 1)
=
1
8
√
2d2
(10d2 + d+ 1) +
1
64d3
(d− 1)(2d− 1)(2d+ 1)
=
(d− 1)(4d2 − 1) + 4√2d(10d2 + d+ 1)
64d3
≤ (d− 1)(4d
2 − 1) + 41√2d3 + 8√2d
64d3
≤ (41
√
2 + 4)d3 + 8
√
2d− 4d2 − d+ 1
64d3
≤ (41
√
2 + 4)d3 + 4d(2
√
2− d) + (1− d)
64d3
<
41
√
2 + 4
64
+
√
2− 1
32
< 1.
So the claim that H is a subgroup of G of index two follows. Since no index two subgroup
of G acts transitively on V , the action of H on V has at least two distinct orbits. Since
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the action of G on V is transitive, the action of H on V has exactly two orbits. Let O1,O2
denote the orbits of the action of H on V .
Note that for any g ∈ H and for any subset B of V contained in O1 or O2, the map
B ∩ g−1B → B × B, x 7→ (x, gx)
is well-defined, and induces a map
ϕ :
∐
g∈H
B ∩ g−1B → B ×B.
Each of its fibre contains exactly t elements and hence
|B|2 = im(ϕ) =
∑
x∈im(ϕ)
|ϕ−1(x)|
|ϕ−1(x)| =
1
t
∑
x∈im(ϕ)
|ϕ−1(x)| = 1
t
∑
g∈H
|B ∩ g−1B|.
For any g ∈ H , we have
A ∩ g−1A = ((A ∩O1) ∪ (A ∩O2)) ∩ (g−1((A ∩ O1) ∪ (A ∩ O2)))
= ((A ∩O1) ∩ (g−1(A ∩ O1)) ∪ ((A ∩ O2) ∩ (g−1(A ∩ O2)),
which yields
|A ∩ g−1A| =
∑
B=A∩O1,A∩O2
|B ∩ g−1B|.
So
|A ∩ O1|2 + |A ∩O2|2 =
∑
B=A∩O1,A∩O2
|B|2
=
1
t
∑
B=A∩O1,A∩O2
∑
g∈H
|B ∩ g−1B|
=
1
t
∑
g∈H
∑
B=A∩O1,A∩O2
|B ∩ g−1B|
=
1
t
∑
g∈H
|A ∩ g−1A|.
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It follows that
|A|2 − 2|A ∩O1||A ∩O2| = (|A ∩O1|+ |A ∩O2|)2 − 2|A ∩O1||A ∩O2|
= |A ∩O1|2 + |A ∩ O2|2
=
1
t
∑
g∈H
|A ∩ gA|
=
1
t
∑
g∈G
|A ∩ gA| − 1
t
∑
g∈Hc
|A ∩ gA|
= |A|2 − 1
t
∑
g∈Hc
|A ∩ gA|
≥ |A|2 −
∑
g∈Hc
dγ
tε2
(ε+ d+ 2)|A|
= |A|2 − dγ
tε2
(ε+ d+ 2)|A||H|.
This implies that
|A ∩ O1||A ∩O2| ≤ dγ
4tε2
(ε+ d+ 2)|A||G| ≤ dγ
4tε2
(ε+ d+ 2)
t|V |2
2
≤ dγ
8ε2
(ε+ d+ 2)|V |2.
Hence, for the orbit O of some element of V under the action of H , we have
|A ∩Oc| ≤
√
dγ
8ε2
(ε+ d+ 2)|V |.
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For any 1 ≤ i ≤ d,
|θi(O) ∩O| = |θi(O ∩A) ∩O|+ |θi(O \A) ∩O|
≤ |θi(A) ∩ O|+ |O \ A|
= |θi(A) ∩ (O ∩A)|+ |θi(O ∩ A) ∩ (O \ A)|+ |O \ A|
≤ |θi(A) ∩ A|+ 2|O \ A|
= |θi(A) ∩A|+ 2|O| − 2|O ∩ A|
= |θi(A) ∩A|+ |V | − 2|A|+ 2|A ∩ Oc|
≤ γ
ε
|A|+
(
2 + γ +
dγ
ε
)
|A| − 2|A|+ 2
√
dγ
8ε2
(ε+ d+ 2)|V |
=
γ
ε
|A|+
(
γ +
dγ
ε
)
|A|+ 2
√
dγ
8ε2
(ε+ d+ 2)|V |
≤
(
γ
ε
(d+ 1 + ε) +
√
2dγ
ε2
(ε+ d+ 2)
)
|V |
2
≤
(
2dγ
ε
|H|+
√
2dγ
ε2
(2d+ 1)
)
|V |
2
≤
(
2dγ
ε
+
√
6d2γ
ε2
)
|V |
2
<
(
1
24
+
√
6
25
)
|V |
2
<
|V |
4
=
|G|
4t
=
|H|
2t
.
Note that for any two subgroup H1, H2 of G of index two, the inequalities
|H1 ∩H2| ≥ |H1|
2
, |Hc1 ∩Hc2| ≥
|H1|
2
hold. Indeed, for any x ∈ H1 ∩ Hc2, the ‘left multiplication by x’ map induces an injection
from H1 ∩Hc2 → H1 ∩H2. This implies that
|H1 ∩H2| ≥ |H1 ∩Hc2|,
which yields
|H1 ∩H2| ≥ 1
2
(|H1 ∩Hc2|+ |H1 ∩H2|) =
|H1|
2
.
It follows that |H1 ∩Hc2| ≤ |H1|2 , which implies |Hc1 ∩Hc2| ≥ |H1|2 .
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Note that no two elements of O are adjacent in (V,E). Otherwise, for u, v ∈ O, u = θi(v)
for some i and hence
|θi(O) ∩O| = |θi(Hv) ∩Hu|
= |ψi,v(H)θi(v) ∩Hu|
= |ψi,v(H)u ∩Hu|
≥ |(ψi,v(H) ∩H)u|
≥ |ψi,v(H) ∩H|
t
≥ |H|
2t
.
Moreover, no two elements of Oc are adjacent in (V,E). Otherwise, for u, v ∈ Oc, u = θi(v)
for some i and hence
|θi(O) ∩O| = |θi(Hcv) ∩Hcu|
= |ψi,v(Hc)θi(v) ∩Hcu|
= |ψi,v(Hc)u ∩Hcu|
≥ |(ψi,v(Hc) ∩Hc)u|
≥ |ψi,v(H
c) ∩Hc|
t
≥ |H|
2t
.
So (V,E) is bipartite, contradicting the hypothesis. Hence, the nontrivial eigenvalues of the
normalised adjacency operator of this graph are greater than −1 + ℓε,d with
ℓε,d =
ε4
212d8
.

In the following, (V,E)k denotes the graph having V as its set of vertices and the k-th
power of the adjacency operator of (V,E) as its adjacency operator.
Theorem 3.3. Suppose V carries a left action of a group G, (V,E) is undirected, |V | ≥ 4
and k ≥ 1 be an odd integer such that the following conditions hold.
(1) No index two subgroup of G acts transitively on V .
(2) The action of G on the set V is “transitive of order t” in the sense that for each
(u, v) ∈ V × V , the equation gu = v has exactly t distinct solutions for g ∈ G. In
other words, the action of G on V is transitive and the stabilizer of each element of
V have the same size (equal to t).
(3) (V,E)k is an εk-vertex expander with εk > 0.
(4) For 1 ≤ i1, · · · , ik ≤ d and v ∈ V , there is an automorphism or an anti-automorphism
ψ(i1,··· ,ik),v of the group G such that one of
(θi1 ◦ · · · ◦ θik)(g · v) = ψ(i1,··· ,ik),v(g) · (θi1 ◦ · · · ◦ θik)(v)
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and
(θi1 ◦ · · · ◦ θik)(g · v) = ψ(i1,··· ,ik),v(g−1) · (θi1 ◦ · · · ◦ θik)(v)
holds for any g ∈ G.
(5) For any τ ∈ G and for any subset A of V , N k(N k(τ(A))) ⊆ τ(N k(N k(A))) holds.
Then the nontrivial eigenvalues of the normalised adjacency operator of (V,E) are greater
than (
−1 + 1
212d8k
ε4k
)1/k
.
If (V,E) is an ε-vertex expander with ε > 0, then the vertex Cheeger constant of (V,E)k is
≥ 1
2
(
1−
(
1− ε
2
2d2
)k)
.
Proof. By Theorem 3.2, the nontrivial spectrum of the adjacency operator of (V,E)k is
bounded away from −1+ ε4k
212d8k
. Since k is odd, the nontrivial spectrum of (V,E) is bounded
away from (
−1 + 1
212d8k
ε4k
)1/k
.
Since (V,E) is an ε-vertex expander, the largest nontrivial eigenvalue of its adjacency
operator is bounded by 1 − ε2
2d2
. Since k is odd, the largest nontrivial eigenvalue of the
adjacency operator of (V,E)k is bounded by(
1− ε
2
2d2
)k
.
By Lemma 2.5 and the discrete Cheeger–Buser inequality (Proposition 2.6), the vertex
Cheeger constant of (V,E)k is
≥ 1
2
(
1−
(
1− ε
2
2d2
)k)
.

4. Spectral expansion of the Cayley and Cayley sum graphs twisted by
automorphisms
Let G be a finite group, S be a subset of G and σ be a group automorphism of G.
Consider the twist C(G, S)σ of the Cayley graph C(G, S) by the automorphism σ. The
graph C(G, S)σ has G as its set of vertices, and there is an edge from x to y whenever
y = σ(xs) for some s ∈ S. Roughly speaking, the twisted Cayley graph C(G, S)σ has the
same set of vertices as that of the Cayley graph C(G, S), and given a vertex x in C(G, S)σ,
its adjacent vertices are precisely the translates of the adjacent vertices of x in C(G, S) under
σ.
Consider the twist CΣ(G, S)
σ of the Cayley sum graph CΣ(G, S) by the automorphism σ.
The graph CΣ(G, S)
σ has G as its set of vertices, and there is an edge from x to y whenever
y = σ(x−1s) for some s ∈ S. Roughly speaking, the twisted Cayley sum graph CΣ(G, S)σ
has the same set of vertices as that of the Cayley sum graph CΣ(G, S), and given a vertex
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x in CΣ(G, S)
σ, its adjacent vertices are precisely the translates of the adjacent vertices of x
in CΣ(G, S) under σ.
4.1. The twisted Cayley graph. For a subset A of G, its neighbourhood in C(G, S)σ is
denote by N (A). Given g1, · · · , gr ∈ G,
∏r
i=1 gi denotes the product g1 · · · gr.
Proof of Theorem 1.1(1), (2). Let G denote the group G and m be a positive integer. Con-
sider the action of G on the set of vertices of (C(G, S)σ)m by left multiplication, i.e.,
g · v = gv
for any g ∈ G, v ∈ G.
For an element (s1, · · · , sm) ∈ Sm, let θ : G→ G denote the bijection defined by
θ(v) = σm(v)
m∏
i=1
σm+1−i(si)
for v ∈ G. For each (s1, · · · , sm) ∈ Sm and v ∈ G, note that
θ(g · v) = σm(g) · θ(v)
= ψ(s1,··· ,sm),v(g) · θ(v)
for any g ∈ G, where ψ(s1,··· ,sm),v denotes the automorphism
g 7→ σm(g)
of the group G. Moreover, for any subset A of G, N m(g · A) = σm(g) ·N m(A).
Since C(G, S)σ is connected, its vertex Cheeger constant hσ is positive. Thus C(G, S)
σ
is an hσ-expander with hσ > 0. If σ
2 is the trivial automorphism of G, then from Theorem
3.3, the nontrivial eigenvalues of the normalised adjacency operator of C(G, S)σ are greater
than
−1 + h
4
σ
212d8
.
If σ2k is the trivial automorphism of G for some odd integer k ≥ 1, then from Theorem 3.3,
the nontrivial eigenvalues of the normalised adjacency operator of C(G, S)σ are greater than
−1 + 1
212d8k
(
1
2
(
1−
(
1− h
2
σ
2d2
)k))4
1/k
.
By the discrete Cheeger–Buser inequality (Proposition 2.6), the result follows. 
4.2. The twisted Cayley sum graph. For a subset A ofG, its neighbourhood in CΣ(G, S)
σ
is denote by NΣ(A). Given g1, · · · , gr ∈ G,
∏r
i=1 gi denotes the product g1 · · · gr.
Lemma 4.1. The twisted Cayley sum graph CΣ(G, S)
σ is undirected if and only if S contains
σ2(g)σ(s)g−1 for any s ∈ S, g ∈ G.
Proof. If h is adjacent to g, then h = σ(g−1s) for some s ∈ S. Note that
g = sσ−1(h−1)
= σ(h−1)σ(h)sσ−1(h−1),
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which implies that g is adjacent to h if and only if σ(h)sσ−1(h−1) ∈ σ−1(S), i.e., σ2(h)σ(s)h−1 ∈
S. Hence g is adjacent to each of its adjacent vertices if and only if S contains
σ2(σ(g−1s))σ(s)(σ(g−1s))−1
for any s ∈ S. So CΣ(G, S)σ is undirected if and only if S contains σ2(σ(g−1s))σ(s)(σ(g−1s))−1
for any s ∈ S, g ∈ G. Note that for s ∈ S and x ∈ G and g = (σ−1(x)s−1)−1,
σ2(σ(g−1s))σ(s)(σ(g−1s))−1 = σ2(x)σ(s)x−1.
So CΣ(G, S)
σ is undirected if and only if S contains σ2(g)σ(s)g−1 for any s ∈ S, g ∈ G.
Hence the Lemma follows. 
Proof of Theorem 1.1(3). Let G denote the group G and m be a positive integer. Consider
the action of G on the set of vertices of (CΣ(G, S)σ)m by right multiplication via the inverse,
i.e.,
g · v = vg−1
for any g ∈ G, v ∈ G.
For an element (s1, · · · , sm) ∈ Sm, let θ : G→ G denote the bijection defined by
θ(v) =

⌊m/2⌋∏
i=1
σ2i(s−1m+1−2i)

 σ(v(−1)m)

⌈m/2⌉∏
i=1
σ2⌈m/2⌉+1−2i(sm+1−(2⌈m/2⌉+1−2i))


for v ∈ G. For each (s1, · · · , sm) ∈ Sm and v ∈ G, set
α =

⌊m/2⌋∏
i=1
σ2i(s−1m+1−2i)

 , β =

⌈m/2⌉∏
i=1
σ2⌈m/2⌉+1−2i(sm+1−(2⌈m/2⌉+1−2i))

 ,
and note that
θ(g · v) = ασ(gv−1)β
= ασ(v−1)β(σ(v−1)β)−1σ(gv−1)β
= ασ(v−1)β
(
(σ(v−1)β)−1σ(g−1)σ(v−1)β
)−1
= θ(v)
(
(σ(v−1)β)−1σ(g−1)σ(v−1)β
)−1
=
(
(σ(v−1)β)−1σ(g−1)σ(v−1)β
) · θ(v)
= ψ(s1,··· ,sm),v(g
−1) · θ(v)
for any g ∈ G, where ψ(s1,··· ,sm),v denotes the automorphism
g 7→ (σ(v−1)β)−1σ(g)σ(v−1)β
of the group G.
For any subset A of G, note that
N
m
Σ (A) = σ
2(S−1)σ4(S−1) · · ·σ2⌊m/2⌋(S−1)σm(A(−1)m)σ2⌈m/2⌉−1(S) · · ·σ3(S)σ(S).
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For any g ∈ G, one obtains
σ2m(g)σ2m−1(S) · · ·σ3(S)σ(S)g−1
=
(
σ2m(g)σ2m−1(S)σ2m−2(g−1)
) (
σ2m−2(g)σ2m−3(S)σ2m−4(g−1)
) · · ·(
σ6(g)σ5(S)σ4(g−1)
) (
σ4(g)σ3(S)σ2(g−1)
) (
σ2(g)σ(S)g−1
)
= σ2m−2(S) · · ·σ4(S)σ2(S)S
= σ2m−1(S) · · ·σ5(S)σ3(S)σ(S).
So, for any subset A of G,
N
m
Σ (N
m
Σ (g · A)) = σ2(S−1)σ4(S−1) · · ·σ2m(S−1)σ2m(g · A)σ2m−1(S) · · ·σ3(S)σ(S)
= σ2(S−1)σ4(S−1) · · ·σ2m(S−1)σ2m(A)σ2m(g−1)σ2m−1(S) · · ·σ3(S)σ(S)
= σ2(S−1)σ4(S−1) · · ·σ2m(S−1)σ2m(A)σ2m(g−1)σ2m−1(S) · · ·σ3(S)σ(S)gg−1
= σ2(S−1)σ4(S−1) · · ·σ2m(S−1)σ2m(A)σ2m−1(S) · · ·σ3(S)σ(S)g−1
= N mΣ (N
m
Σ (A))g
−1
= g ·N mΣ (N mΣ (A))
holds for any g ∈ G.
Since CΣ(G, S)
σ is connected, its vertex Cheeger constant hΣ,σ is positive. Thus CΣ(G, S)
σ
is an hΣ,σ-expander with hΣ,σ > 0. By Theorem 3.3, the nontrivial eigenvalues of the
normalised adjacency operator of CΣ(G, S)
σ are greater than
−1 + h
4
Σ,σ
212d8
.
By the discrete Cheeger–Buser inequality (Proposition 2.6), the result follows. 
5. Spectral expansion of the Cayley and Cayley sum graphs twisted by
anti-automorphisms
Let G be a finite group, S be a subset of G and σ be an group anti-automorphism of G.
Consider the twist C(G, S)σ of the Cayley graph C(G, S) by the anti-automorphism σ.
The graph C(G, S)σ has G as its set of vertices, and there is an edge from x to y whenever
y = σ(xs) for some s ∈ S. Roughly speaking, the twisted Cayley graph C(G, S)σ has the
same set of vertices as that of the Cayley graph C(G, S), and given a vertex x in C(G, S)σ,
its adjacent vertices are precisely the translates of the adjacent vertices of x in C(G, S) under
σ.
Consider the twist CΣ(G, S)
σ of the Cayley sum graph CΣ(G, S) by the anti-automorphism
σ. The graph CΣ(G, S)
σ has G as its set of vertices, and there is an edge from x to y whenever
y = σ(x−1s) for some s ∈ S. Roughly speaking, the twisted Cayley sum graph CΣ(G, S)σ
has the same set of vertices as that of the Cayley sum graph CΣ(G, S), and given a vertex
x in CΣ(G, S)
σ, its adjacent vertices are precisely the translates of the adjacent vertices of x
in CΣ(G, S) under σ.
Theorem 5.1. Let S be a subset of a finite group G with |S| = d. Suppose σ is an anti-
automorphism of G.
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(1) If the twisted Cayley graph C(G, S)σ is connected and undirected and |G| ≥ 4, then
the nontrivial spectrum of its normalised adjacency operator lies in the interval(
−1 + h
4
σ
212d8
, 1− h
2
σ
2d2
]
where hσ denotes the vertex Cheeger constant of C(G, S)
σ.
(2) Suppose σ2 is the trivial automorphism of G. If the twisted Cayley sum graph
CΣ(G, S)
σ is connected and undirected and |G| ≥ 4, then the nontrivial spectrum
of its normalised adjacency operator lies in the interval(
−1 + h
4
Σ,σ
212d8
, 1− h
2
Σ,σ
2d2
]
where hΣ,σ denotes the vertex Cheeger constant of CΣ(G, S)
σ.
(3) Suppose σ2k is the trivial automorphism of G, where k ≥ 1 is an odd integer. If the
twisted Cayley graph sum CΣ(G, S)
σ is connected and undirected and |G| ≥ 4, then
the nontrivial spectrum of its normalised adjacency operator lies in the interval


−1 + 1
212d8k
(
1
2
(
1−
(
1− h
2
Σ,σ
2d2
)k))4
1/k
, 1− h
2
Σ,σ
2d2


where hΣ,σ denotes the vertex Cheeger constant of CΣ(G, S)
σ.
5.1. Cayley graph twisted by anti-automorphisms. For a subset A of G, its neighbour-
hood in C(G, S)σ is denote by N (A). Given g1, · · · , gr ∈ G,
∏r
i=1 gi denotes the product
g1 · · · gr.
Lemma 5.2. The twisted Cayley graph C(G, S)σ is undirected if and only if S contains
σ2(g)σ(s−1)g−1 for any s ∈ S, g ∈ G.
Proof. If h is adjacent to g, then h = σ(gs) for some s ∈ S. Note that
g = σ−1(h)s−1
= σ−1(h)s−1σ(h−1)σ(h)
= σ(h−1σ−1(s−1)σ−2(h))σ(h)
= σ(h(h−1σ−1(s−1)σ−2(h))),
which implies that g is adjacent to h if and only if h−1σ−1(s−1)σ−2(h) ∈ S. Hence g is
adjacent to each of its adjacent vertices if and only if S contains
(σ(s)σ(g))−1σ−1(s−1)σ−2(σ(s)σ(g))
for any s ∈ S. So C(G, S)σ is undirected if and only if S contains
(σ(s)σ(g))−1σ−1(s−1)σ−2(σ(s)σ(g)) = σ(g)−1σ(s−1)σ−1(s−1)σ−1(s)σ−1(g) = σ(g)−1σ(s−1)σ−1(g)
for any s ∈ S, g ∈ G. So C(G, S)σ is undirected if and only if S contains σ2(g)σ(s−1)g−1 for
any s ∈ S, g ∈ G. Hence the Lemma follows. 
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Proof of Theorem 5.1(1). Let G denote the group G. Consider the action of G on the set of
vertices of C(G, S)σ by left multiplication, i.e.,
g · v = gv
for any g ∈ G, v ∈ G.
For an element s ∈ S, let θ : G→ G denote the bijection defined by
θ(v) = σ(vs)
for v ∈ G. For each s ∈ S and v ∈ G, note that
θ(g · v) = σ(gvs)
= σ(gvs)(σ(vs))−1σ(vs)
= (σ(vs)σ(g)(σ(vs))−1)σ(vs)
= ψs,v(g) · θ(v)
for any g ∈ G, where ψs,v denotes the anti-automorphism
g 7→ σ(vs)σ(g)(σ(vs))−1
of the group G.
For any subset A of G, note that
N
2(A) = σ(S)σ2(A)σ2(S),
which yields
N
2(g · A) = σ(S)σ2(g · A)σ2(S)
= σ(S)σ2(g)σ2(A)σ2(S)
= gg−1σ(S)σ2(g)σ2(A)σ2(S)
= g(σ2(g−1)σ(S−1)g)−1σ2(A)σ2(S)
= gS−1σ2(A)σ2(S)
= gσ(S)σ2(A)σ2(S)
= g ·N 2(A).
Since C(G, S)σ is connected, its vertex Cheeger constant hσ is positive. Thus C(G, S)
σ is
an hσ-expander with hσ > 0. By Theorem 3.3, the nontrivial eigenvalues of the normalised
adjacency operator of C(G, S)σ are greater than
−1 + h
4
σ
212d8
.
By the discrete Cheeger–Buser inequality (Proposition 2.6), the result follows. 
5.2. Cayley sum graph twisted by anti-automorphisms. For a subset A of G, its
neighbourhood in CΣ(G, S)
σ is denote by NΣ(A). Given g1, · · · , gr ∈ G,
∏r
i=1 gi denotes the
product g1 · · · gr.
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Proof of Theorem 5.1(2), (3). Let G denote the group G. Consider the action of G on the
set of vertices of CΣ(G, S)
σ by right multiplication via the inverse, i.e.,
g · v = vg−1
for any g ∈ G, v ∈ G.
For an element (s1, · · · , sm) ∈ Sm, let θ : G→ G denote the bijection defined by
θ(v) =
m∏
i=1
σi(s
(−1)i−1
m+1−i )σ
m(v(−1)
m
)
for v ∈ G. For each (s1, · · · , sm) ∈ Sm and v ∈ G, note that
θ(g · v) =
m∏
i=1
σi(s
(−1)i−1
m+1−i )σ
m((g · v)(−1)m)
=
m∏
i=1
σi(s
(−1)i−1
m+1−i )σ
m(v(−1)
m
)(σm(v(−1)
m
))−1σm((g · v)(−1)m)
= θ(v)(σm(v(−1)
m
))−1σm((g · v)(−1)m)
= θ(v)σm(g(−1)
m−1
)
= σm(g(−1)
m
) · θ(v)
= ψ(s1,··· ,sm)(g) · θ(v)
for any g ∈ G, where ψ(s1,··· ,sm),v denotes the automorphism
g 7→ σm(g(−1)m)
of the group G.
For any integer m ≥ 1 and any subset A of G, note that
N
2m
Σ (A) = σ(S)σ
2(S−1)σ3(S)σ4(S−1) · · ·σ2m−1(S)σ2m(S−1)σ2m(A),
which yields
N
2m
Σ (g · A) = σ(S)σ2(S−1)σ3(S)σ4(S−1) · · ·σ2m−1(S)σ2m(S−1)σ2m(g · A)
= σ(S)σ2(S−1)σ3(S)σ4(S−1) · · ·σ2m−1(S)σ2m(S−1)σ2m(Ag−1)
= σ2m(g) · (σ(S)σ2(S−1)σ3(S)σ4(S−1) · · ·σ2m−1(S)σ2m(S−1)σ2m(A))
= σ2m(g) ·N 2mΣ (A).
Since CΣ(G, S)
σ is connected, its vertex Cheeger constant hΣ,σ is positive. Thus CΣ(G, S)
σ
is an hΣ,σ-expander with hΣ,σ > 0. If σ
2 is the trivial automorphism of G, then from Theorem
3.3, the nontrivial eigenvalues of the normalised adjacency operator of CΣ(G, S)
σ are greater
than
−1 + h
4
Σ,σ
212d8
.
If σ2k is the trivial automorphism of G for some odd integer k ≥ 1, then from Theorem
3.3, the nontrivial eigenvalues of the normalised adjacency operator of CΣ(G, S)
σ are greater
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than 
−1 + 1
212d8k
(
1
2
(
1−
(
1− h
2
Σ,σ
2d2
)k))4
1/k
.
By the discrete Cheeger–Buser inequality (Proposition 2.6), the result follows. 
6. Spectral expansion of Schreier graphs
Given a subgroup H of a finite group G, and a symmetric subset S of G with |S| = d, the
Schreier graph Sch(G,H, S) has the set H\G of right cosets of H in G as its set of vertices
and there is an edge from Hg to Hg′ for g, g′ ∈ G, if Hg′ = Hgs for some s ∈ S.
Theorem 6.1. Suppose no index two subgroup of G acts transitively on the vertex set of
Sch(G,H, S). Assume that the index of H in G is at least 4, and S ·S contains its conjugates
by the elements of G. If the Schreier graph Sch(G,H, S) is connected, then the nontrivial
spectrum of its normalised adjacency operator lies in the interval(
−1 + h
4
Sch
212d8
, 1− h
2
Sch
2d2
]
where hSch denotes the vertex Cheeger constant of Sch(G,H, S).
Proof. Let G denote the group G. Consider the action of G on the set of vertices H\G of
Sch(G,H, S) by right multiplication via the inverse, i.e.,
τ ·Hg = Hgτ−1
for any τ ∈ G and any right coset Hg of H in G. Note that this action is transitive of order
|H|.
For an element s ∈ S, let θ : H\G→ H\G denote the bijection defined by
θ(Hg) = Hgs.
For any Hg ∈ H\G, note that
θ(τ ·Hg) = Hgτ−1s
= Hgs(s−1τs)−1
= (s−1τs) ·Hgs
= ψs(τ) ·Hgs
for any τ ∈ G, where ψs denote the automorphism
τ 7→ s−1τs
of the group G.
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For any element Hg ∈ H\G, note that
NS(NS(τ ·Hg)) = {Hgτ−1x | x ∈ S · S}
= {Hgτ−1x | x ∈ τS · Sτ−1}
= {Hgxτ−1 | x ∈ S · S}
= {τ ·Hgx | x ∈ S · S}
= τ ·NS(NS(Hg))
holds for any τ ∈ G.
If the Schreier graph Sch(G,H, S) is an ε-vertex expander for some ε > 0, then by Theorem
3.2, the nontrivial eigenvalues of its normalised adjacency operator are greater than
−1 + ε
4
212d8
.
By the discrete Cheeger–Buser inequality (Proposition 2.6), the result follows. 
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